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a b s t r a c t

The present work reports on a theoretical investigation of superlattices based on Cd1−xZnxS quantum
dots embedded in an insulating material. The system to model is assumed to be a series of flattened
cylindrical quantum dots with a finite barrier at the boundary and is studied using a sinusoidal potential.
The electronic states of both �1 – (ground) and �2 – (first excited) minibands have been computed as a
vailable online 18 November 2010
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function of inter-quantum dot separation and Zn composition. An analysis of the results shows that the
widths of �1 – and �2 – minibands decrease as the superlattice period and Zn content increase separately.
Moreover, the sinusoidal shape of the confining potential accounts for the coupling between quantum
dots quantitatively less than the Kronig–Penney potential model.

© 2010 Elsevier B.V. All rights reserved.

inusoidal potential
inibands

. Introduction

Until now, the study of Cd1−xZnxS thin films remains one of the
rimary interests in fundamental and applied researches as well
1–12]. In fact, Cd1−xZnxS is the most appropriate to be used as
indow layer material in solar cells based on conventional p-type

bsorber layer like CuInSe2 [13,14] or on quaternary compounds
uch as CuInxGa1−xSe2 or CuSnSzSe1−z [15].

To the subject of Cd1−xZnxS quantum dots (QDs), the potential-
ty of these nanostructures does not cease to be proved in many
evice applications [16–23,13,14,24]. In epitaxy, there has also
een a progress in the growth of Cd1−xZnxS QDs [24–34]. Exper-

mentally, a deal of interest is focused on the study of Cd1−xZnxS
Ds using different characterization techniques [24,35,36]. More

igorously, Cd1−xZnxS QDs embedded in a dielectric matrix should
e described theoretically by using a spherical model. Based on this
eometry, two approaches have been adopted to model the con-
nement potential, a potential with an infinite barrier [24,32,37,38]
nd a potential with a finite barrier [39,40] at the boundary. The lat-

er potential has the advantage to predict the electronic properties
esulting from the coupling between QDs. However, the spheri-
al geometry does not lend simply to calculate the band edges of
oupled QDs, especially along different quantization directions.

∗ Corresponding author.
E-mail address: saftanabil@yahoo.fr (N. Safta).

925-8388/$ – see front matter © 2010 Elsevier B.V. All rights reserved.
oi:10.1016/j.jallcom.2010.11.059
In the present work, we attempt to study the coupling in the
case of a chain based on Cd1−xZnxS QDs for which the confinement
potential can be modelled using flattened cylindrical geometry, as
reported in Ref. [41].

2. Theoretical formulation and results

In Fig. 1a, we report a schematic diagram of the chain men-
tioned above. Along a common direction, denoted by z, of spherical
Cd1−xZnxS QDs, electrons and holes see a succession of flattened
cylinders of radius R and an effective height L. The inter-quantum
dot separation is labelled d, which corresponds to the period of
structure. According to that reported in Ref [24], the diameter D = 2R
varies from 9 nm to 4 nm going from CdS to ZnS. Then, if we con-
sider L = 1 nm which corresponds to the value reported in Ref. [42],
it clearly appears that L is lower than D and thus the quantum
confinement along transversal directions can be disregarded. As
a consequence, the Cd1−xZnxS multi-quantum dot system can be
considered as a superlattice (SL) along the longitudinal confined
direction.

According to this scheme, the system to investigate is a
Cd1−xZnxS QD superlattice where Cd1−xZnxS flattened cylinders

correspond to quantum wells whereas the host dielectric lattice
behaves as a barrier. For sake of simplicity, the electron and hole
states are assumed to be uncorrelated. Thus, the problem to solve
is reduced to those of one dimensional potential. In our previous
work [41], we have adopted the Kronig–Penney model to describe

dx.doi.org/10.1016/j.jallcom.2010.11.059
http://www.sciencedirect.com/science/journal/09258388
http://www.elsevier.com/locate/jallcom
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ig. 1. (a) A schematic diagram of Cd1−xZnxS QD superlattices according to the
attened cylindrical geometry. (b) The sinusoidal potential used to calculate the
ubband structure.

he confinement potential. Such a potential is characterized by
brupt barriers. Using this model, we have calculated the ground
nd the first excited minibands for both electrons and holes. Cal-
ulations were made as a function of ZnS molar fraction and the
nter-quantum dot separation. Using this model, we have also com-
uted the longitudinal effective mass versus x and d as well. Really,
he barriers separating QD wells are not abrupt and exhibit a pro-
ressive variation along the quantization direction z. In other hand,
he confinement potential is periodic and thus can be developed on
ourier series as a function of z. The potential, being limited to the
undamental harmonic, can be expressed as:

e,h(z) = U0e,h

2

(
cos

2�z

d
+ 1

)
(1)

Here U0e,h is the barrier height between adjacent QDs. Fig. 1b
hows the shape of this potential energy. Accordingly, the electron
nd hole states of QDs can be calculated from the Hamiltonien:

e,h = − h̄2

2m∗
e,h

d2

dz2
e,h

+ U0e,h

2

(
cos

2�z

d
+ 1

)
(2)

here h̄ is the Plank’s constant, m* is the effective mass of car-
iers. The subscripts e and h refer to electron and hole particles
espectively. In deriving the Hamiltonien He,h, we have adopted
he effective mass theory (EMT) and the band parabolicity approx-
mation (BPA). The mismatch of the effective mass between the

ell and the barrier has been neglected. Values of the electron and
ole effective masses for CdS and ZnS are taken from Ref. [42]. For

d1−xZnxS, these two parameters have been calculated using the

inear interpolation. The barrier height U0e,h and the inter-sheet
eparation d are treated as parameters. Values of these parameters
re taken from Refs [41,42]. Table 1 reports parameters used to cal-
ulate the �1 – and �2 – minibands for Cd1−xZnxS QD superlattices.

able 1
lectron band parameters used to calculate the �1 – and �2 – minibands for
d1−xZnxS QD superlattices.

x
m∗

e
m0

U0e(eV)

0.0 0.16 0.10
0.2 0.25
0.4 0.45
0.6 0.75
0.8 1.50
1.0 0.28 2.00
Inter-QD separation (nm)

Fig. 2. The �1 – (a) and �2 – (b) miniband widths as calculated for electrons versus
the inter-QD separation for different Zn compositions.

By solving the schrodinger equation corresponding to the
Hamiltonien He,h, we have calculated the electron states of both
�1 – and �2 – minibands for Cd1−xZnxS QD structures. Calcula-
tions were made versus Zn composition going from CdS to ZnS for
different inter-QD separations. As has been found, for this model
of potential, the major effect of decreasing this separation is to
broaden the discrete states of isolated QDs into minibands. The
latter trend is specific for SL structures. Typical results for the �1
– miniband are depicted in Fig. 2a. Two peculiar features were
revealed: (i) for any composition x, the width �E1,e of the �1 –

miniband decreases with the increase of the SL period d (ii) the �1
– miniband width shows a decreasing tendency with increased ZnS
molar fraction independently to the inter-QD separation. It is worth
noticing, from obtained results, that the difference between the �1
– miniband widths for CdS QDs is equal to 0.481 eV whereas that of
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Table 2
Widths of the �1 – miniband for the present work (a) and those obtained by the
Kronig–Penney potential (b) as reported in Ref. [41].

d (nm)
x

1.5 1.7 1.9 2.1 2.3 2.5

0 0.711(a) 0.523(a) 0.449(a) 0.345(a) 0.276(a) 0.230(a)

0.727(b) 0.586(b) 0.468(b) 0.370(b) 0.312(b) 0.267(b)

0.2 0.587(a) 0.450(a) 0.335(a) 0.281(a) 0.226(a) 0.190(a)

0.676(b) 0.533(b) 0.408(b) 0.306(b) 0.250(b) 0.216(b)

0.4 0.511(a) 0.379(a) 0.292(a) 0.223(a) 0.178(a) 0.136(a)

0.586(b) 0.442(b) 0.306(b) 0.234(b) 0.175(b) 0.153(b)

0.6 0.420(a) 0.307(a) 0.230(a) 0.165(a) 0.120(a) 0.085(a)

0.494(b) 0.325(b) 0.242(b) 0.153(b) 0.112(b) 0.075(b)
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[38] Y. Kayanuma, Phys. Rev. B 38 (1988) 9797.
0.8 0.229 0.148 0.091 0.064 0.044 0.023
0.331(b) 0.191(b) 0.102(b) 0.065(b) 0.037(b) 0.025(b)

1.0 0.162(a) 0.105(a) 0.055(a) 0.034(a) 0.023(a) 0.009(a)

0.234(b) 0.130(b) 0.051(b) 0.039(b) 0.012(b) 0.012(b)

nS-related QDs is of 0.153 eV. For intermediate compositions, this
ifference is ranged between the two extreme values. For the QDs
ased on CdS, the coupling between nanoparticles shows a dras-
ic drop as the inter-quantum dot separation increases. This trend
s due mainly to the low potential barrier heights. Thus, the high
oupling is governed by the tunnelling effect for shorter SL periods.
y contrast, for larger inter QD separations, the tunnelling effect
ecomes relatively weak even if the barrier heights are low. On the
ther hand, for larger ZnS molar fractions, the coupling is less sensi-
ive to the decreasing of d. This behaviour can be explained in terms
f the largeness of barrier height. For the width of the first excited
iniband �E2,e the same variation versus the SL period d has been

chieved as depicted in Fig. 2b. Except that the effect of d on the
elocalization of electrons in �2 – miniband is more noticeable.
or comparison with results obtained by using the Kronig–Penney
odel [41], we report in Table 2 widths of �1 – miniband as cal-

ulated in the present work and those reported in Ref. [41]. As
an be noticed, practically for all the Zn compositions and inter
heet QD separations studied, the �1 – miniband widths of this
ork are slightly lower. Interestingly, the sinusoidal potential does
ot account for the coupling as much as than the Kronig–Penney
otential model. The reason is the progressive barrier which char-
cterizes the change of the sinusoidal potential.

. Conclusions

We have investigated the superlattice behaviour in multi-
uantum dot structures based on Cd1−xZnxS. The QDs are described
sing a flattened cylindrical geometry with a finite potential bar-

ier at the boundary. To simulate the confining potential, we have
dopted the sinusoidal shape. Based on this potential model, we
ave calculated the ground and the first excited minibands for elec-
rons. Calculations have been made as a function of the inter-QD
eparation and Zn composition. An analysis of the results has evi-

[
[

[
[

mpounds 509 (2011) 2493–2495 2495

denced that: (i) the widths of �1 – and �2 – minibands are found
to be decreasing with d and x separately (ii) for all the Zn composi-
tions and inter-sheet QD separations studied, the miniband widths
of the present work are slightly lower compared to that obtained
by the Kronig–Penney potential.
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